Abstract. This paper is devoted to the incompressible Magenetohydrodynamic equations in R 3 . We prove that if the difference between the magnetic field and the velocity is small initially then it will remain forever, thus results in global strong solution without smallness restriction on the size of initial velocity or magnetic field. In other words, magnetic field can indeed regularize the Navier-Stokes equations, due to cancelation.
Introduction
The present paper is devoted to the study of the incompressible magnetohydrodynamics (MHD) equations in R Here u, P, B are non-dimensional quantities corresponding to the velocity of the fluid, its pressure and the magnetic field, respectively. The non-dimensional number Re > 0 is the Reynolds number, Rm > 0 is the magnetic Reynolds number and S = M 2 /(ReRm) with M being the Hartman number. For simplicity of writing, we can assume that S = 1, otherwise, let B(x, t) = √ SB(x, t). And let P denote the total pressure P + S|B| 2 /2. The MHD system (1.1) was studied by G. Duvaut and J.-L. Lions [3] . They established local existence and uniqueness of a solution in the classical Sobolev spaces H s (R N ), s ≥ N. But whether this unique local solution can exist globally for large initial data is a challenging open problem in mathematical fluid mechanics. Later, Sermange and Temam [13] showed the regularity for weak solutions in the case of three dimension under the assumption that (u, B) belongs to L ∞ (0, T ; H 1 (R 3 )). The other kinds of regularity criteria are established in [2, [16] [17] [18] and references therein. On the other hand, Duvant-Lions [3] proved also global existence of the strong solution for small initial data. For some extension, refer to [11, 14] . It should be noted that all these global existence results of smooth solutions require that both the velocity filed and magnetic filed be sufficiently small. This is mainly because that the MHD equations share the same nonlinear convection structure as that of the incompressible Navier-Stokes equations. However, the relation between velocity field and magnetic field in the existence theory is not clear. Recently, some efforts have been made to characterize the different roles played by the velocity field and magnetic field in the regularity of weak solutions. Partial developments are achieved and partial results are obtained in this direction. Namely, it was shown in [5] that a weak solution (u, B) is smooth provided the velocity field satisfies any one of the following assumptions:
) with 1/α + 3/2β ≤ 1 for 3 ≤ β < ∞; 4) Let ω(x, t) = curl u(x, t). There exist some positive constants K, M and ρ, such that
holds for any t ∈ [0, T ], if both |y| ≤ ρ and |ω(x + y, t)| ≥ M. This result was then generalized, for more references, see [6, 8, 10, 15, 19] . These regularity criteria imply that the velocity field of the fluid seems to play a dominant role in the theory of regularity of weak solutions in some sense. On the other hand, there is some evidence indicating that the magnetic field should have some dissipation, due to the numerical simulations of Politano et in [12] and the observations of space and laboratory plasmas alike in [4] . Then the solutions to the incompressible magnetohydrodynamic equations should exhibit a greater degree of regularity than does an ordinary incompressible Navier-Stokes equations, in some sense. In this direction, Bardos-Sulem-Sulem [1] first established the global strong classical solution for the invscid MHD equations with strong magenetic field. Inspired by the results in [4, 12] , we study the concelation between the velocity field and the magnetic field.
First, reformulate the equation (1.1) using Elsasser's variables W + , W − as follows,
2) can be re-written as:
with the following initial conditions
Here
In this paper, we will show that magnetic field can regularize the Navier-Stokes equations. More precisely, there exists a unique global strong solution to 3D MHD equations with large initial velocity as long as |λ| κ ≪ 1 and the magnetic field is comparable to the velocity initially.
Main Result
Before stating our main results, we introduce some function spaces. Let
are the standard Sobolev spaces. The fractional-order homogeneous Sobolev spaceḢ s (R 3 ) (s > 0) is defined as the space of tempered distributions u over R 3 for which the Fourier transform F u belongs to L 1 loc (R 3 ) and which satisfy
with the respect to the L β -norm andḢ 1 2 -norm. This paper is devoted to the existence of global strong solutions to the problem (1.1)-(1.2). We provide a new smallness condition on the initial data W − 0 (x) and |λ| κ rather than the initial velocity and magnetic field (u 0 , B 0 ). To illustrate our main idea in a clear way, we study a special case first, for which Re = Rm, and prove the following theorem.
and λ = 0. Then there exist two generic constants ǫ 0 and C 0 , independent of initial data and κ, such that if
Remark 2.1. Condition (2.1) holds for
Let's say a few words on this special case. Taking (2.3) for example, one can easily deduce that
and W − (x, t) is a solution to the following heat equations
There is no doubt that (2.6) has a global solution, which is smooth when t > 0.
Remark 2.2. Very recently, a similar version of Theorem 2.1 was indicated in Lei-Lin-Zhou's paper [9] .
Next, we generalize the same idea to a general case, where Re = Rm.
. Then there exist two generic positive constants ǫ 0 < 1 2 and C 0 , independent of initial data, κ and λ, such that if (2.7)
Remark 2.3. Either condition (2.7) or (2.8) automatically implies
which corresponds to |Re−Rm| Re+Rm ≪ 1 in original MHD system. Indeed, in astrophysical magnetic phenomena, both the Reynolds number and the magnetic Reynolds number are huge and the difference between Re and Rm is not critical. In this aspect our assumption is reasonable.
Remark 2.4. From mathematical point of view, it's important to study the regularizing effect of magnetic field to the Navier-Stokes equations. As shown in Theorem 2.1-2.2, one type of regularizing effects is due to cancelation. Consequently, synchronous diffusion speed is a good candidate for maintaining the effect of cancelation all the time which turns out to ask
Remark 2.5. There is no smallness condition imposed on the initial velocity, it indicates that one can generate solutions that are smooth for all the time t > 0 for the large initial velocity as long as magnetic field and velocity are comparable initially and |λ| κ ≪ 1. In other words, magnetic field can indeed regularize the Navier-Stoke equations.
Remark 2.6. In fact, Theorem 2.2 can not cover Theorem 2.1 completely. We require the initial data belongs toḢ 
Here and thereafter, C, C 1 will denote a generic constant which is independent of λ, κ, the initial data (W +
Actually, we have the following proposition.
, then there exist two positive constants ǫ 0 and C 0 , such that if
then it in fact holds that
The remainder of this subsection consists in proving this key result.
There exist two positive constant ǫ 0 and C 0 , such that if
then it holds that (3.14)
and 
Note that the equation for W + can be written as
where the left-hand side is viewed as the Helmholtz-Weyl decomposition of the right one. From this equation, one has
where the Sobolev embedding inequality and Young's inequality were used. Now if we choose ǫ 0 small enough such that
, then (3.14) follows immediately.
Step 2. Multiplying the second equation of (1.3) by 3|W − |W − , with the help of integration by parts, we have
Substituting the estimate (3.18) into (3.21) and employing the Sobolev embedding inequality, we have
One can easily deduce from (3.22) after using Young's inequality that
Hence, in view of (3.14), one has
This finishes the proof of Lemma 3.1.
It follows from Lemma 3.1 that
if (3.12) holds. And also the estimate
is implied in Lemma 3.1, more precisely, (3.14). Hence we finishes the proof of Proposition 3.1.
3.2.
Proof of Theorem 2.1. With the a priori estimates in previous subsection in hand, we are prepared for the proof of Thorem 2.1.
Proof. In view of classical results, there exists a T * > 0 such that the Cauchy problem (1.3)-(1.4) has a unique local strong solution (W + , W − ) on R 3 × (0, T * ]. We will show that this local solution can be extended to a global one provided condition (2.1) holds.
Since the local strong solution is continous in L 3 , there exists a T 1 ∈ (0, T * ) such that (3.11) holds for T = T 1 . So we set
Obviously,T ≤ T * . However, in fact it follows from Proposition 3.1 that
if condition (2.1) holds. We claim that T * = ∞, for which we will argue by contradiction. Suppose T * < ∞, as proved in Proposition 3.1,
which guarantees that the local solution will not blow up at T * , according to the blowup criterion in [7] . Hence it contradicts to the definition of T * .
Proof of Theorem 2.2
The main idea of the proof for Theorem 2.2 is the same as that of Theorem 2. For simplicity of writing, we first scale W + , W − , P to V + , V − ,P as follows,
Then the system for (V + , V − ,P ) becomes
Given a strong solution (V
Similarly, we have the following proposition. and C 0 , such that if 
and (4.37)
Proof.
Step 1. Multiplying the first equation of (4.30) by (−∆) 
Step 2. Multiplying the second equation of (4.30) by (−∆) .
where the interpolation inequality and Sobolev embedding inequality were employed. It follows from the Gronwall's inequality that .
Using the interpolation theory, one has 
